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Abstract
A major open problem asks about the (Grothendieck) approximation property for the space H∞ :=
H∞(D) of bounded holomorphic functions in the unit disk D⊂C. Motivated by this problem we establish
approximation properties for Banach spaces predual to the spaces H∞(Ω) for Ω being finite direct products
of starlike domains and unbranched coverings of strongly pseudoconvex domains in Stein manifolds.
© 2012 Elsevier Inc. All rights reserved.
Keywords: Banach spaces predual to H∞-spaces; Approximation property; Compact operator; Strongly pseudoconvex
domain
1. Formulation of main results
1.1. This paper is devoted to approximation properties for Banach spaces predual to the
spaces H∞(M) of bounded holomorphic functions on complex manifolds M equipped with the
supremum norm.
Recall that a Banach space X is said to have the approximation property, if, for every com-
pact set K ⊂ X and every ε > 0, there exists an operator T : X → X of finite rank so that
‖T x − x‖ ε for every x ∈ K .
Although it is strongly believed that the class of spaces with the approximation property
includes practically all spaces which appear naturally in analysis, it is not known yet even
for the space H∞ := H∞(D). The strongest result in this direction due to Bourgain and
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it was proved by the author [6, Th. 1.21] that H∞ has the approximation property if and only if
it has this property in some open neighbourhoods of trivial Gleason parts of its maximal ideal
space. The first example of a space which fails to have the approximation property was con-
structed by Enflo [8]. Since Enflo’s work several other examples of such spaces were constructed,
for the references see, e.g., [18].
A Banach space has the λ-approximation property, 1  λ < ∞, if it has the approximation
property with the approximating finite rank operators of norm  λ. A Banach space is said to
have the bounded approximation property, if it has the λ-approximation property for some λ. If
λ = 1, then the space is said to have the metric approximation property.
Every Banach space with a basis has the bounded approximation property. Also, it is known
that the approximation property does not imply the bounded approximation property, see [9]. It
was established by Pełczyn´ski [22] that a separable Banach space has the bounded approximation
property if and only if it is isomorphic to a complemented subspace of a separable Banach space
with a basis.
Next, for Banach spaces X, Y by L(X,Y ) and F(X,Y ) we denote the spaces of linear
bounded operators and operators of finite rank X → Y equipped with the operator norm. Let
us consider the trace mapping V from the projective tensor product Y ∗ ⊗ˆπ X → F(X,Y )∗ de-
fined by
(V u)(T ) = trace(T u), where u ∈ Y ∗ ⊗ˆπ X, T ∈F(X,Y ),
that is, if u =∑∞n=1 y∗n ⊗ xn, then (V u)(T ) =∑∞n=1 y∗n(T xn).
It is easy to see that ‖V u‖  ‖u‖π . The λ-bounded approximation property of X is equiv-
alent to the fact that ‖u‖π  λ‖V u‖ for all Banach spaces Y . This well-known result (see,
e.g., [7, p. 193]) is essentially due to Grothendieck [11].
1.2. Let M be a (finite-dimensional) Caratheodory hyperbolic complex manifold (i.e.,
H∞(M) separates points of M). By G∞(M) we denote the geometric predual to H∞(M).
By definition, G∞(M) is the closed linear span in H∞(M)∗ of the family {δm}m∈M of delta
functionals of points in M . We have (see, e.g., [19, Th. 2.1] for the proof):
Theorem A.
(1) G∞(M)∗ = H∞(M) and any complex Banach space predual to H∞(M) is isometrically
isomorphic to G∞(M).
(2) The closed unit ball BG∞(M) of G∞(M) is the closed convex hull of the set {eiθ ·δm}m∈M,θ∈R.
(3) The injective map M : M → G∞(M), M(m) := δm, is holomorphic with range in the unit
sphere of G∞(M).
(4) Let Y be a complex Banach space and H∞(M,Y ) be the space of bounded holomor-
phic maps F : M → Y endowed with norm ‖F‖ := supm∈M ‖F(m)‖Y . Then the map
IM;Y : L(G∞(M),Y ) → H∞(M,Y ), IM;Y (T ) := T ◦ M , is an isometry of complex Ba-
nach spaces.
Let us mention other realisations of spaces predual to H∞(M). For instance, if M  Cn
is a bounded domain, then the predual space to H∞(M) is isometrically isomorphic to
L1(M)/⊥H∞(M), where L1(M) is defined with respect to the Lebesgue measure on Cn ∼=
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phic to L1(S2n−1)/⊥H∞(Bn), where L1(S2n−1) is defined on the (2n − 1)-dimensional unit
sphere S2n−1 with respect to the (2n − 1)-Hausdorff measure. (Here for a Banach space X with
dual X∗ and a subspace Z ⊂ X∗ the space ⊥Z := {x ∈ X: z∗(x) = 0 ∀z∗ ∈ Z}.) In the first case
this result follows from the fact that H∞(M) is a weak∗ closed subspace of L∞(M) while in the
second one from the fact that H∞(Bn)|S2n−1 is a weak∗ closed subspace of L∞(S2n−1); here the
trace space consists of the boundary values of functions in H∞(Bn).
1.3. In this part we formulate the main results of the paper.
Let Ω Cn be a starlike domain which admits an exhaustion Ω1 Ω2  · · · , where each Ωi
is open and its closure Ω¯i is polynomially convex, i.e., for every z /∈ Ω¯i there exists a holomor-
phic polynomial p on Cn such that |p(z)| > maxΩ¯i |p|. In particular, the class of such sets Ω
contains all bounded convex domains in Cn.
Theorem 1.1. G∞(Ω) and A(Ω) := H∞(Ω) ∩ C(Ω¯) have the metric approximation prop-
erty.
Let M be a Stein manifold, i.e., a complex manifold which admits a proper holomorphic em-
bedding in some Cn and let Ω M be a strongly pseudoconvex domain with C2 boundary ∂Ω ,
that is, Ω := {z ∈ M: ρ(z) < 0}, where ρ is a real-valued C2 function on a neighbourhood of Ω¯ ,
strongly plurisubharmonic in a neighbourhood of ∂Ω , and dρ(z) = 0 for all z ∈ ∂Ω .
Let r : Ω ′ → Ω be an unbranched covering of Ω . It is known, see [4, Prop. 4.1], that H∞(Ω ′)
separates points of Ω ′.
Theorem 1.2.
(a) There exists λ := λ(Ω) ∈ [1,∞) such that G∞(Ω ′) has the λ-approximation property.
(b) A(Ω) := H∞(Ω)∩C(Ω¯) has the bounded approximation property.
Analogs of Theorem 1.2 for A-type spaces on infinite coverings Ω ′ of Ω will be considered
in a forthcoming paper.
The following result allows us to enlarge the class of G∞- and A-spaces having approximation
properties.
Proposition 1.3.
(a) If M and N are Caratheodory hyperbolic complex manifolds and G∞(M) has the
λ-approximation property, then G∞(M × N) is isomorphic (isometrically if λ = 1) to
G∞(N) ⊗ˆπ G∞(M) and the Banach–Mazur distance between these spaces is bounded
by λ.
If, in addition, G∞(N) has the μ-approximation property, then G∞(M × N) has the
λμ · min(λ,μ)-approximation property.
(b) If M and N are bounded domains in Stein manifolds and A(M) has the λ-approximation
property, then A(M × N) is isometrically isomorphic to the injective tensor product
A(M) ⊗ˆε A(N).
If, in addition, A(N) has the μ-approximation property, then A(M ×N) has the λμ-approx-
imation property.
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Corollary 1.4.
(a) Let Ω1, . . . ,Ωk be either starlike domains or unbranched coverings of strongly pseudocon-
vex domains with C2 boundaries in Stein manifolds. Then G∞(Ω1 × · · · × Ωk) has the
bounded approximation property.
(b) Let Ω1, . . . ,Ωk be either starlike domains or strongly pseudoconvex domains with C2
boundaries in Stein manifolds. Then A(Ω1 × · · · × Ωk) has the bounded approximation
property.
Being separable, G∞- and A-spaces of Theorems 1.1 and 1.2 are isomorphic to complemented
subspaces of separable Banach spaces with bases with the Banach–Mazur distances between
them and their isomorphic copies bounded by 4 in the case of Theorem 1.1 and by a constant
depending on Ω in the case of Theorem 1.2, see [22]. It is an interesting question whether
G∞- and A-spaces of Theorems 1.1 and 1.2 have bases. A basis in A(D) was constructed by
Bochkarev [1] answering a question of Banach. In view of the results of this paper it is natural
to ask also about existence of domains Ω  Cn for which G∞(Ω) and A(Ω) do not have the
approximation property.
Yet another reason of our interest in the bounded approximation property for G∞(Ω) is that its
presence enables to develop an analog of the classical Cartan–Oka theory (for coherent sheaves
on Stein manifolds) for cohesive sheaves on pseudoconvex domains in G∞(Ω), see [17,21] and
references therein.
2. Proof of Theorem 1.1
Suppose that Ω Cn is a starlike domain with respect to the origin 0 ∈Cn. By dc : Ω → Ω ,
c ∈ [0,1], we denote the dilation map z → c ·z. Then the map Ω ◦dc : Ω → G∞(Ω) determines
a linear bounded operator Tc : G∞(Ω) → G∞(Ω) of norm one such that Tc ◦ Ω = Ω ◦ dc.
This operator is compact if c < 1. Indeed, the closure of the image of the closed unit ball BG∞(Ω)
of G∞(Ω) under Tc is the minimal closed balanced subset on G∞(Ω) containing the relatively
compact in Ω(Ω) set Ω(dc(Ω)). Hence, the closure of Tc(BG∞(Ω)) is compact (cf. [23,
Th. 3.25]).
Next, we prove
Proposition 2.1. limc→1 Tcx = x for every x ∈ G∞(Ω).
Proof. We will need the following result.
Lemma 2.2. Let S be a countable dense subset of Ω . Then the map Q : 1(S) → G∞(Ω),
(as)s∈S →∑s∈S asδs , is surjective of norm one.
Proof. By definition the restriction operator |S : H∞(Ω) → ∞(S) is an isometric embedding.
Also, H∞(Ω)|S is weak∗ closed in ∞(S). Indeed, if a sequence {fn|S} ⊂ ∞(S) is uniformly
bounded, then {fn} ⊂ H∞(Ω) is uniformly bounded as well. Therefore applying to the latter
sequence the Montel theorem together with the restriction map |S we obtain that all limit points
of {fn|S} belong to H∞(Ω)|S . Hence, B ∩ H∞(Ω)|S is weak∗ compact for every closed ball
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is weak∗ closed. This implies that 1(S)/⊥(H∞(Ω)|S) is isometrically isomorphic to G∞(Ω)
(see, e.g., [23, Ch. 4]). The composition of the quotient map 1(S) → 1(S)/⊥(H∞(Ω)|S) and
the previous isometry gives the required map Q. 
According to the lemma for each x ∈ G∞(Ω) there exists (as)s∈S ∈ 1(S) with ∑s∈S |as |
2‖x‖ such that x =∑s∈S asδs . Then Tc(x) :=∑s∈S asδdc(s).
Given ε > 0 we choose a finite subset Sε ⊂ S such that ∑s∈S\Sε |as | < ε3 . Next, by definition,
there exists c0 ∈ (0,1) such that ‖∑s∈Sε asδs −∑s∈Sε asδdc(s)‖ < ε3 for all c ∈ [c0,1]. Hence,
for all c c0,
‖Tcx − x‖
∥∥∥∥∑
s∈Sε
asδs −
∑
s∈Sε
asδdc(s)
∥∥∥∥+ ∥∥∥∥ ∑
s∈S\Sε
asδs
∥∥∥∥+ ∥∥∥∥ ∑
s∈S\Sε
asδdc(s)
∥∥∥∥< ε3 + 2ε3 = ε.
This proves the proposition. 
Further, by the hypotheses Ω has an exhaustion Ω1  Ω2  · · · by open sets such that
each Ω¯i is polynomially convex. For every c ∈ [0,1), the domain dc(Ω) is contained in
some Ωi , i = i(c). Since Ω¯i is polynomially convex, there exists a polynomial Weil polyhe-
dron Wi := {z ∈ Cn: |Pj (z)| < 1, j = 1, . . . ,N}, where all Pj are holomorphic polynomials
on Cn, such that Ω¯i ⊂ Wi  Ω . Using the Weil integral formula (valid also for Banach-
valued holomorphic functions) on Wi , see, e.g., [13], we approximate the bounded holomor-
phic map Ω : Ω → G∞(Ω) uniformly on dc(Ω) by holomorphic polynomials with coef-
ficients in G∞(Ω). This implies that for every ε > 0 there exist a holomorphic map pε,c ∈
H∞(Ω,G∞(Ω)) and a finite-dimensional subspace Vε,c ⊂ G∞(Ω) such that pε,c(z) ∈ Vε,c for
all z ∈ Ω and supz∈dc(Ω) ‖Ω(z) − pε,c(z)‖ < ε, supz∈dc(Ω) ‖pε,c(z)‖  1. Let us consider the
map pε,c ◦ dc : Ω → Vε . Then its norm is  1 and supz∈Ω ‖(Ω ◦ dc)(z) − (pε,c ◦ dc)(z)‖ < ε.
Therefore, this map determines a finite rank map Tε,c : G∞(Ω) → G∞(Ω) of norm  1 such
that Tε,c ◦Ω = pε,c ◦ dc and ‖Tε,c − Tc‖ < ε.
Since limc→1 Tcx = x for all x, limc→1 T1−c,cx = x as well. This implies that G∞(Ω) has
the metric approximation property.
Next, let us show that subalgebra A(Ω) ⊂ H∞(Ω) consisting of bounded holomorphic func-
tions continuous on Ω¯ has the metric approximation property.
It is easily seen that the adjoint operator T ∗c : H∞(Ω) → H∞(Ω), c ∈ [0,1), is compact of
norm one with range in A(Ω). Also, limc→∞ T ∗c f = f for all f ∈ A(Ω). Thus to prove the
theorem, it suffices to check that each T ∗c |A(Ω) can be approximated in the operator norm by
operators in F(A(Ω),A(Ω)). We choose c′ ∈ (c,1). According to the first part of the proof,
‖T ∗
ε,c′ − T ∗c′ ‖ < ε, where T ∗ε,c′ ∈F(H∞(Ω),H∞(Ω)). Since T ∗c/c′T ∗c′ = T ∗c and ‖T ∗c/c′‖ = 1,∥∥T ∗c/c′T ∗ε,c′ − T ∗c ∥∥< ε;
here T ∗
c/c′T
∗
ε,c′ ∈F(H∞(Ω),A(Ω)). Thus, limε→0 ‖T ∗c/c′T ∗c′ |A(Ω) − T ∗c′ |A(Ω)‖ = 0, as required.
The proof of the theorem is complete.
3. Decomposition of G∞-spaces
Let M be a Caratheodory hyperbolic complex manifold and let {Mk}1km be an open cover
of M . By ik : Mk ↪→ M we denote the embedding maps. These maps induce linear bounded
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Theorem A). Consider the direct product ⊕mk=1 G∞(Mk) equipped with norm
∥∥(v1, . . . , vm)∥∥ := m∑
k=1
‖vk‖G∞(Mk), (v1, . . . , vm) ∈
m⊕
k=1
G∞(Mk).
Then there exists a linear bounded map P :⊕mk=1 G∞(Mk) → G∞(M) of norm 1 with dense
image defined by the formula
P(v1, . . . , vm) :=
m∑
k=1
Ik(vk), (v1, . . . , vm) ∈
m⊕
k=1
G∞(Mk).
We say that G∞(M) is decomposable with respect to G∞(M1), . . . ,G∞(Mm) if there exists
a linear bounded map S : G∞(M) →⊕mk=1 G∞(Mk) such that P ◦ S = Id.
(In this case P is surjective and G∞(M) is isomorphic to a complemented subspace of⊕m
k=1 G∞(Mk).)
Next, consider bounded holomorphic maps sk : Mk →⊕mk=1 G∞(Mk),
sk(z) :=
(
0, . . . ,0, Mk(z)︸ ︷︷ ︸
kth coordinate
,0, . . . ,0
)
, z ∈ Mk.
Then the family {sij := si −sj ∈ H∞(Mi ∩Mj,KerP)} forms a bounded holomorphic 1-cocycle
on the finite open cover {Mi} of M with values in KerP . We say that such cocycle is H∞ trivial
if there exist a finite open refinement {M ′j } of {Mk} with the refinement map ι from the set of
indices of the first cover to that of the second one (i.e., M ′j ⊂ Mι(j) for all j ) and functions
s′j ∈ H∞(M ′j ,KerP) such that for all possible p, q with M ′p ∩M ′q = ∅,
s′p(z)− s′q(z) = sι(p)ι(q)(z) for all z ∈ M ′p ∩M ′q . (3.1)
Proposition 3.1. G∞(M) is decomposable with respect to G∞(M1), . . . ,G∞(Mm) if and only
if the cocycle {sij } is H∞ trivial.
Proof. Suppose that {sij } is H∞ trivial and {M ′j } and s′j ∈ H∞(M ′j ,KerP) are as in (3.1). We
set
s|M ′p := sι(p)|M ′p − s′p.
By the definition s ∈ H∞(M,⊕mk=1 G∞(Mk)) and is such that P ◦ s = Id. Then s determines
a linear bounded map S : G∞(M) →⊕mk=1 G∞(Mk) satisfying equation s = S ◦ M such that
P ◦ S = Id, as required.
Conversely, suppose that there exists S ∈ L(G∞(M),⊕mk=1 G∞(Mk)) such that P ◦ S = Id.
We set M ′j = Mj and s′j := sj − (S ◦M)|Mj for all 1 j m. By the definition
P ◦ s′ = P ◦ sj − (P ◦ S ◦M)|M = M |M −M |M = 0,j j j j
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{sij } is H∞ trivial. 
4. Proof of Theorem 1.2
4.1. We will use the following generalisation of Theorem 1.1.
Let Ω Cn be a starlike domain. We set Ω˜ := Ω ×N and Ωn := Ω × {n}, n ∈N.
Proposition 4.1. G∞(Ω˜) is isometrically isomorphic to 1(G∞(Ω)). In particular, G∞(Ω˜) has
the metric approximation property.
Recall that 1(G∞(Ω)) consists of sequences (xn)n∈N such that each xn ∈ G∞(Ω) and
‖(xn)n∈N‖ :=∑n∈N ‖xn‖G∞(Ω).
Proof of Proposition 4.1. Consider holomorphic maps πk : Ω˜ → Ωk , πk((xn)n∈N) := xk , and
ik : Ωk → Ω˜ , ik(x) := (δkn · x)n∈N; here δkn is the Kronecker symbol. These maps determine
linear maps of norm one Πk : G∞(Ω˜) → G∞(Ωn) and Ik : G∞(Ωk) → G∞(Ω˜) such that
Ωk ◦πk = Πk ◦Ω˜ and Ω˜ ◦ ik = Ik ◦Ωk , see Theorem A. Hence, Πk ◦ Im = δkm · IdG∞(Ωm).
We define a map Π : G∞(Ω˜) →∏n∈NG∞(Ωn) by the formula
Π(x) := (Πn(x))n∈N
and show that Π is an isometry onto 1(G∞(Ω)) (here we identify G∞(Ωn) with G∞(Ω)).
To this end, we choose a dense countable subset S ⊂ Ω . Then S˜ := S×N is a dense countable
subset of Ω˜ . We set Sn := S × {n}, n ∈ N. As in Lemma 2.2 we have a linear bounded surjec-
tive map Q : 1(S˜) → G∞(Ω˜), Q((as)s∈S˜ ) :=
∑
s∈S˜ asδs , of norm one. Let x ∈ G∞(Ω˜). Then
for every ε > 0 there exists (as)s∈S˜ ∈ 1(S˜) of norm  (1 + ε)‖x‖ such that x =
∑
s∈S˜ asδs .
By definition, Πn(x) = ∑s∈Sn asδs . This implies that Π maps G∞(Ω˜) into 1(G∞(Ω)) and
‖Π‖ 1. Since ‖Πx‖ ‖Πnx‖ for all n ∈N, x ∈ G∞(Ω˜), we have ‖Πx‖ = ‖x‖ for all x. Fur-
ther, consider a linear bounded map I : 1(G∞(Ω)) → G∞(Ω˜), I ((xn)n∈N) :=∑n∈N In(xn).
Then
(Π ◦ I )((xn)n∈N) := Π(∑
k∈N
Ik(xk)
)
=
(
Πn
(∑
k∈N
Ik(xk)
))
n∈N
= (xn)n∈N.
Thus Π is surjective and, so, G∞(Ω˜) is isometrically isomorphic to 1(G∞(Ω)).
Next, we prove that 1(G∞(Ω)) has the metric approximation property. Let Pn :
1(G∞(Ω)) → n1(G∞(Ω)) be the projection onto the first n coordinates. Suppose that K ⊂
1(G∞(Ω)) is a compact subset. Then for every ε > 0 there exists some N = N(ε) such that
‖PNx − x‖ < ε2 for all x ∈ K . Further, since PN(K) is compact, the application of Theorem 1.1
to each coordinate of n1(G
∞(Ω)) produces an operator Tε ∈ F(n1(G∞(Ω)), n1(G∞(Ω))) of
norm  1 such that ‖Tεx − x‖ < ε2 for all x ∈ PN(K). This implies that ‖(Tε ◦ PN)x − x‖ < ε
for all x ∈ K and Tε ◦ PN ∈ F(1(G∞(Ω)), 1(G∞(Ω))), that is, G∞(Ω˜) has the metric ap-
proximation property.
The proof of the proposition is complete. 
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strongly pseudoconvex domains in Cp .
4.2.1. Let M be a Stein manifold and Ω  M be a strongly pseudoconvex domain with
C2 boundary. Let r : Ω ′ → Ω be an unbranched covering and ru : Ωu → Ω be the universal
covering of Ω . Then there exists a covering map rΩ ′ : Ωu → Ω ′ such that ru := r ◦ rΩ ′ . Ac-
cording to the Forelli type theorem [3, Th. 1.1] there exists a continuous and weak∗ continuous
linear projection PΩ ′ : H∞(Ωu) → r∗Ω ′H∞(Ω ′) such that ‖PΩ ′ ‖ C, where C depends on Ω
only. (Here r∗
Ω ′ is the pullback map by means of rΩ ′ .) Since r∗Ω ′H∞(Ω ′) is isometrically iso-
morphic to H∞(Ω ′) and r∗
Ω ′H
∞(Ω ′) is a weak∗ closed subspace of H∞(Ωu), the map PΩ ′
determines a bounded linear embedding TΩ ′ : G∞(Ω ′) → G∞(Ωu) such that r∗Ω ′ ◦ T ∗Ω ′ = PΩ ′
with ‖TΩ ′‖  C. This implies that RΩ ′ ◦ TΩ ′ = Id, where RΩ ′ : G∞(Ωu) → G∞(Ω ′) is such
that RΩ ′ ◦ Ωu = Ω ′ ◦ rΩ ′ , see Theorem A. Thus TΩ ′(G∞(Ω ′)) is a complemented subspace
of G∞(Ωu). Since ‖RΩ ′‖ 1, the Banach–Mazur distance between G∞(Ω ′) and TΩ ′(G∞(Ω ′))
is bounded from above by ‖RΩ ′‖ · ‖TΩ ′‖ C = C(Ω). Therefore if we will prove that G∞(Ωu)
has a bounded approximation property, then G∞(Ω ′) will have a λ-bounded approximation prop-
erty with λ depending on Ω only.
4.2.2. Let M be a Stein manifold and Ω  M be a strongly pseudoconvex domain with
C2 boundary. Using the Remmert embedding theorem (see, e.g., [10]) we may assume with-
out loss of generality that M is a closed complex submanifold of some Cp . Then according
to [14, Lemma 1], there exist a strongly pseudoconvex domain W ⊂Cp with C2 boundary such
that W ∩ M = Ω and a holomorphic map π from a neighbourhood U of W¯ onto U ∩ M such
that π(W) = Ω and π |U∩M is the identity map. From here by the covering homotopy theo-
rem, see, e.g., [16], we obtain that for every unbranched covering r : Ω ′ → Ω there exist an
unbranched covering q : W ′ → W and holomorphic maps π ′ : W ′ → Ω ′ and i′ : Ω ′ → W ′
such that π ′ ◦ i′ = Id and r ◦ π ′ = π ◦ q . Clearly, maps π ′ and i′ determine norm one linear
bounded maps Π ′ : G∞(W ′) → G∞(Ω ′) and I ′ : G∞(Ω ′) → G∞(W ′) such that Π ′ ◦ I ′ = Id
(see Theorem A). Therefore G∞(Ω ′) is isometrically isomorphic to a complemented subspace of
G∞(W ′). This shows that it suffices to prove the theorem for unbranched coverings of strongly
pseudoconvex domains in Cp .
4.3. Let Ω  Cp be a strongly pseudoconvex domain with C2 boundary ∂Ω . Then there
exists a strongly pseudoconvex domain Ω˜  Cp containing Ω¯ and having the same homotopy
type. According to the Narasimhan lemma [20] there exists a finite cover (Ui)1ik of ∂Ω by
relatively compact open subsets of Ω˜ biholomorphic to the unit ball in Cp such that each Ui ∩Ω
is biholomorphic to a convex domain in Cp . The set Ω¯ \ (⋃ki=1 Ui) is a compact subset of Ω .
We will cover it by open relatively compact in Ω subsets Uk+1, . . . ,Um each biholomorphic to
the unit ball in Cp .
Let ru : Ω˜u → Ω˜ be the universal covering of Ω˜ . Since Ω˜ and Ω¯ have the same homotopy
type, we can identify Ωu with an open subset of Ω˜u with the boundary ∂Ωu := r−1u (∂Ω). Over
the open set U :=⋃mi=1 Ui  Ω˜ the covering ru : r−1u (U) → U can be described as follows, see,
e.g., [15, Ch. 1].
Let G := π1(Ω) be the fundamental group of Ω (and of Ω˜). Since each Ui is simply con-
nected, there is a locally constant cocycle c = {cij ∈ C(Ui ∩ Uj ,G)} such that r−1u (U) is bi-
holomorphic to the quotient space of the disjoint union ∐m Ui ×G by the equivalence relationi=1
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is induced by the natural projections Ui ×G → Ui .
Let B be a complex Banach space and C(B,G) be the Banach space of bounded func-
tions f : G → B with norm ‖f ‖ := supg∈G ‖f (g)‖B . Consider the homomorphism ρ : G →
GL(C(B,G)) of G into the group of invertible linear bounded operators on C(B,G) defined
by the formula (ρ(g)(f ))(h) := f (h · g), g,h ∈ G. The holomorphic Banach vector bundle
Eρ(B) → U associated with ρ is defined as the quotient space of ∐mi=1 Ui × C(G,B) by
the equivalence relation Ui × C(G,B)  x × ρ(cij (x))(w) ∼ x × w ∈ Uj × C(G,B) for all
x ∈ Ui ∩Uj , see, e.g., [5, Ex. 3.2].
Let Ω∗ U be a strongly pseudoconvex domain containing Ω¯ . Since Ω∗ is Stein, there exist
holomorphic Banach vector bundles p1 : E1 → Ω∗ and p2 : E2 → Ω∗ with fibres B1 and B2,
respectively, such that E2 = E1 ⊕Eρ(B)|Ω∗ (the Whitney sum) and E2 is holomorphically triv-
ial, i.e., E2 ∼= Ω∗ ×B2 (see, e.g., [24, Th. 3.9]). By q : E2 → Eρ(B)|Ω∗ and i : Eρ(B)|Ω∗ → E2
we denote the corresponding quotient and embedding homomorphisms of the bundles so that
q ◦ i = Id.
4.4. Proof of Theorem 1.2
(a) We retain the notation of the previous subsection. The proof of the theorem is based on the
following result, see Section 3 for definitions.
Proposition 4.2. The Banach space G∞(Ωu) is decomposable with respect to G∞(r−1u (U1 ∩
Ω)), . . . ,G∞(r−1u (Um ∩Ω)).
Proof. The proof uses the techniques developed in [3–5]; we refer to these papers for additional
details.
Since Ui ∩Ω is simply connected, r−1u (Ui ∩Ω) can be identified (by a biholomorphism) with
(Ui ∩ Ω) × G, 1  i  m, and {r−1u (Ui ∩ Ω)}1im is an open cover of Ωu. In this case, the
corresponding KerP -valued holomorphic cocycle {sij } of Proposition 3.1 written in the local
coordinates on Ω ′ pulled back from Ω can be viewed as a bounded holomorphic 1-cocycle of
the bundle Eρ(KerP)|Ω defined on the cover {Ui ∩Ω}1im (cf. [3, Props. 2.3–2.5]). Applying
homomorphism i|Ω to this cocycle, we obtain a bounded holomorphic 1-cocycle {s˜ij } of the
bundle E2|Ω defined on the cover {Ui ∩Ω}1im. We will prove that this cocycle is H∞ trivial,
i.e., that there exist sections s˜j ∈ H∞(Uj ∩Ω,E2) such that for all possible i, j with (Ui ∩Ω)∩
(Uj ∩Ω) = ∅,
s˜i (z)− s˜j (z) = s˜ij (z) for all z ∈ (Ui ∩Ω)∩ (Uj ∩Ω). (4.1)
Then sections q|Ω(s˜i) belong to H∞(Uj ∩Ω,Eρ(KerP)|Ω) (because Ω Ω∗ and q is defined
on a larger set) and give the resolution of the form (3.1) of the cocycle {sij }, that is this cocycle
is H∞ trivial, as required.
To achieve this goal, we will consider a C∞ partition of unity {ρi}mi=1 subordinate to the open
cover {Ui}mi=1 of U (:=
⋃m
i=1 Ui). Each ρi ∈ C∞(U) and has support in Ui . Moreover, since
Ω U , each ∇ρi is a bounded C∞ vector function on Ui ∩Ω . We set
hi :=
m∑
ρk · s˜ik.
k=1
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C∞(Ω,E2), ω|Ui∩Ω := ∂¯hi , is well defined. Moreover, since E2 is holomorphically trivial,
ω can be viewed as a bounded ∂¯-closed C∞ form on Ω with values in the complex Banach
space B2. We require
Lemma 4.3. Let B be a complex Banach space and η be a B-valued bounded C∞ form on Ω
such that ∂¯η = 0. Then there exists a B-valued bounded C∞ function on Ω such that ∂¯f = η.
Proof. It is known, see, e.g., [12, Th. 3.10], that there exist an open neighbourhood U(D¯) of Ω¯
and a smooth function Φ = Φ(ξ, z), (ξ, z) ∈ U(D¯) × U(D¯), holomorphic in z ∈ U(D¯), such
that
2 ReΦ(ξ, z) ρ(ξ)− ρ(z)+ γ |ξ − z|2 for some γ > 0
(here | · | is the Euclidean norm on Cp) and
Φ(ξ, z) = 〈P(ξ, z), ξ − z〉,
where P = (P1, . . . ,Pp) is a smooth vector function in (ξ, z) ∈ U(D¯) × U(D¯) holomorphic in
z ∈ U(D¯) (here 〈z1, z2〉 :=∑pi=1 z1i · z2i for zj = (zj1, . . . , zjp) ∈Cp , j = 1,2).
Let ω := dz1 ∧ · · · ∧ dzp . For each z ∈ Ω consider the Bochner integral
f (z) := p!
(2πi)p
·
∫
(ξ,λ0)∈Ω×[0,1]
η(ξ)∧ω
(
(1 − λ0) · ξ¯ − z¯|ξ − z|2 + λ0
P(ξ, z)
Φ(ξ, z)− ρ(ξ)
)
∧ω(ξ).
It is known (see, e.g., [12, Th. 6.9] and references therein) that if B =C, then f is a bounded C∞
function on Ω such that ∂¯f = η with L∞ norm bounded from above by a constant multiplied by
the sum of L∞ norms of coefficients of form η. One can easily see from the proof of this case
that such estimates remain valid for a general Banach space B . Thus f is a B-valued bounded
C∞ function on Ω . Since ∂¯(ϕ ◦ f ) = ϕ(η) for each ϕ ∈ B∗ (this follows from the case B =C),
∂¯f = η, as required. 
From this lemma we obtain that there exists a bounded C∞ section h of the bundle E2|Ω such
that ∂¯h = ω. We set
s˜i := hi − h|Ui∩Ω.
Then clearly s˜i ∈ H∞(Ui ∩ Ω,E2) and the family {s˜i} satisfies condition (4.1), as required.
Due to the previous discussion this implies that cocycle {sij } is H∞ trivial and there-
fore by Proposition 3.1 G∞(Ωu) is decomposable with respect to G∞(r−1u (U1 ∩ Ω)), . . . ,
G∞(r−1u (Um ∩Ω)). 
To complete the proof of part (a) of the theorem observe that each (Ui ∩ Ω) × G is bi-
holomorphic to the product of a convex domain in Cp with N. Thus by Proposition 4.1,
G∞(r−1u (Ui ∩ Ω)) ∼= G∞((Ui ∩ Ω) × G) has the metric approximation property. This im-
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⊕m
i=1 G∞(r−1u (Ui ∩ Ω)) has the metric approximation property
as well. But according to Proposition 4.2 G∞(Ωu) is isomorphic to a complemented subspace
of
⊕m
i=1 G∞(r−1u (Ui ∩Ω)). Thus, G∞(Ωu) has the bounded approximation property.
The proof of part (a) of the theorem is complete.
(b) Using the construction of Section 4.2.2 we reduce the question to the case of Ω being a
strongly pseudoconvex domain in Cp .
Further, by Ri : A(Ω) → A(Ui ∩ Ω) we denote the restriction operator to Ui ∩ Ω¯ . Then
‖Ri‖  1, 1  i  m. Let K ⊂ A(Ω) be a compact subset. We set Ki := Ri(K). Fix some
ε > 0. Since Ki ⊂ A(Ui ∩ Ω) is compact and Ui ∩ Ω is biholomorphic (up to the boundary)
to a bounded convex domain in Cp , by Theorem 1.1 there exists an operator Pi,ε ∈ F(A(Ui ∩
Ω),A(Ui ∩ Ω)) with ‖Pi,ε‖  1 such that ‖Pi,εf − f ‖ < ε for all f ∈ Ki , 1  i  m. For
f ∈ A(Ω) let us define a 1-cocycle {cij,ε}1i,jm on the cover {Ui ∩ Ω¯}1im of Ω¯ by the
formulas
cij,ε(f )(z) := (Pi,εRi)(f )(z)− (Pj,εRj )(f )(z), z ∈ (Ui ∩ Ω¯)∩ (Uj ∩ Ω¯).
Then cij,ε ∈ F(A(Ω),A(Ui ∩ Uj ∩ Ω)) and ‖cij,ε‖ 2, ‖cij,ε(f )‖ < 2ε for all f ∈ K . Using
the partition of unity from the first part of the proof of the theorem we define, for 1 i m,
c˜i,ε(f ) :=
m∑
k=1
ρk · cik,ε(f ).
Now, ∂¯-closed (0,1)-forms ωε(f ) on Ω are well defined by the formulas
ωε(f )(z) :=
(
∂¯ c˜i,ε(f )
)
(z), z ∈ Ui ∩Ω, 1 i m.
The coefficients of these forms are C∞ in Ω and continuous on the boundary ∂Ω . We equip the
space E0,1(Ω¯) of such forms ω =∑pi=1 aidz¯i with norm
‖ω‖ := max
1ip
sup
z∈Ω
∣∣ai(z)∣∣.
By our construction, the operator ωε : A(Ω) → E0,1(Ω¯), f → ωε(f ), is continuous with norm
bounded by a constant depending on p and Ω only. Moreover, it is defined as the composition
of the following operators:
A(Ω)
⊕m
i,j=1 cij,ε−−−−−−−→
⊕
1i,jm
A(Ui ∩Uj ∩Ω)
⊕m
i=1 si−−−−→
m⊕
i=1
C∞(Ui ∩Ω)
⊕m
i=1 ∂¯−−−−−−→
m⊕
i=1
E0,1(Ui ∩Ω);
here si((fij )1i,jm) :=∑mk=1 ρk · fik (that is, ⊕mi=1 c˜i,ε = (⊕mi=1 si) ◦ (⊕mi,j=1 cij,ε)).
Since the first operator in this diagram is of finite rank, ωε is of finite rank as well. Also,
‖ωε(f )‖ <Cε for all f ∈ K , where C depends on p and Ω only.
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L : E0,1(Ω¯) → C∞(Ω) ∩ C(Ω¯) (where the latter space is equipped with the supremum norm)
such that ∂¯ ◦L = Id. We define
(Pεf )(z) := (Pi,εRi)(f )(z)− c˜i,ε(f )(z)+ (L ◦ωε)(f )(z), z ∈ Ui ∩ Ω¯, 1 i m.
By our construction, Pε ∈ F(A(Ω),A(Ω)), ‖Pε‖ < C′ and ‖Pεf − f ‖ < C′′ε for all f ∈ K ;
here C′ and C′′ depend on Ω and p only.
This completes the proof of the theorem.
5. Proof of Proposition 1.3
(a) By the definition, H∞(M × N) is isometrically isomorphic to H∞(M,H∞(N)) and
the latter space is isometrically isomorphic to L(G∞(M),H∞(N)) (see Theorem A). Since
G∞(M) has the λ-bounded approximation property, the trace mapping VF : H∞(N)∗ ⊗ˆπ
G∞(M) → F(G∞(M),H∞(N))∗ is an isomorphism satisfying λ−1‖u‖  ‖VFu‖  ‖u‖ for
all u ∈ H∞(N)∗ ⊗ˆπ G∞(M) (see Section 1.1).
Let π : L(G∞(M),H∞(N))∗ → F(G∞(M),H∞(N))∗ be the linear bounded operator
of norm 1 adjoint to the embedding F(G∞(M),H∞(N)) ↪→ L(G∞(M),H∞(N)). By VL :
H∞(N)∗ ⊗ˆπ G∞(M) → L(G∞(M),H∞(N))∗ we denote the trace mapping defined similarly
to VF , see Section 1.1. Then ‖VL‖ 1 and VF = π ◦VL. Identifying G∞(N) with its isometric
image in H∞(N)∗ we obtain
λ−1‖u‖ ‖VFu‖ ‖π‖ · ‖VLu‖ = ‖VLu‖ ‖u‖ for all u ∈ G∞(N) ⊗ˆπ G∞(M).
Thus VL maps G∞(N) ⊗ˆπ G∞(M) isomorphically (and isometrically if λ = 1) onto its image
in L(G∞(M),H∞(N))∗ = H∞(M × N)∗ and the Banach–Mazur distance between these two
spaces is bounded by λ. Next, it is easily seen that V (δx ⊗ δy) = δx×y for all x ∈ N , y ∈ M . This
and Theorem A imply that VL(G∞(N) ⊗ˆπ G∞(M)) is the closed linear span in H∞(M × N)∗
of the family {δz}z∈M×N , i.e., VL(G∞(N) ⊗ˆπ G∞(M)) = G∞(M ×N).
This completes the proof of the first statement in (a).
Assume, in addition, that G∞(N) has the μ-bounded approximation property. Let PM,j ∈
F(G∞(M),G∞(M)), ‖PM,j‖  λ, and PN,j ∈ F(G∞(N),G∞(N)), ‖PN,j‖  μ, i ∈ N, be
finite rank operators such that limj→∞ PM,j v = v for all v ∈ G∞(M) and limj→∞ PN,j v = v
for all v ∈ G∞(N). Then the operators PN,j ⊗ PM,j ∈ F(G∞(N) ⊗ˆπ G∞(M),G∞(N) ⊗ˆπ
G∞(M)),
(PN,j ⊗ PM,j )
( ∞∑
n=1
vn ⊗wn
)
:=
∞∑
n=1
PN,j (vn)⊗ PM,j (wn),
vn ∈ G∞(N), wn ∈ G∞(M), n ∈N, are well defined and ‖PN,j ⊗ PM,j‖ λμ for all j ∈N.
It is easily seen that limj→∞(PN,j ⊗ PM,j )v = v for all v ∈ G∞(N) ⊗ˆπ G∞(M). Therefore
G∞(N) ⊗ˆπ G∞(M) has the λμ-bounded approximation property. Since G∞(N) ⊗ˆπ G∞(M) is
isomorphic to G∞(M×N) with the Banach–Mazur distance between these spaces bounded by λ,
G∞(M × N) has the λ2μ-bounded approximation property. Changing in the above arguments
the order of M and N we obtain that G∞(M ×N) has the λμ2-bounded approximation property
as well. Thus, G∞(M ×N) has the λμ · min(λ,μ)-approximation property.
The proof of part (a) of the proposition is complete.
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morphic functions on M continuous on the closure M¯ of M . Since A(M) has the λ-bounded
approximation property, A(M,A(N)) is isometrically isomorphic to A(M) ⊗ˆε A(N), see [11,
Sect. 5.1].
If, in addition, A(N) has the μ-bounded approximation property and {PM,j }j∈N ⊂F(A(M),
A(M)) and {PN,j }j∈N ⊂ F(A(N),A(N)) are sequences of finite rank operators of norms  λ
and  μ approximating IdA(M) and IdA(N), respectively, then the sequence of operators {PM,j ⊗
PN,j }j∈N ∈ F(A(M) ⊗ˆε A(N),A(M) ⊗ˆε A(N)) of norms  λμ approximates IdA(M)⊗ˆεA(N).
This easily follows from definitions.
The proof of the proposition is complete.
References
[1] S.V. Bochkarev, Existence of a basis in the space of functions analytic in the disk and some properties of the Franklin
system, Mat. Sb. (N.S.) 95 (137) (1974) 3–18; English transl.: Math. USSR Sb. 24 (1974).
[2] J. Bourgain, O. Reinov, On the approximation properties for the space H∞ , Math. Nachr. 122 (1983) 19–27.
[3] A. Brudnyi, Projections in the space H∞ and the Corona Theorem for subdomains of coverings of finite bordered
Riemann surfaces, Ark. Mat. 42 (1) (2004) 31–59.
[4] A. Brudnyi, Representation of holomorphic functions on coverings of pseudoconvex domains in Stein manifolds
via integral formulas on these domains, J. Funct. Anal. 231 (2006) 418–437.
[5] A. Brudnyi, Holomorphic functions of slow growth on coverings of pseudoconvex domains in Stein manifolds,
Compos. Math. 142 (2006) 1018–1038.
[6] A. Brudnyi, Banach-valued holomorphic functions on the maximal ideal space of H∞, Preprint, 2011, 32 pp.
[7] A. Defant, K. Floret, Tensor norms and operator ideals, Math. Stud. 176 (1993).
[8] P. Enflo, A counterexample to the approximation property in Banach spaces, Acta Math. 130 (1973) 309–317.
[9] T. Figiel, W.B. Johnson, The approximation property does not imply the bounded approximation property, Proc.
Amer. Math. Soc. 41 (1) (1973) 197–199.
[10] H. Grauert, R. Remmert, Theorie der Steinschen Räume, Springer, New York, 1977.
[11] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math. Soc. 16 (1955).
[12] G. Henkin, Method of integral representations in complex analysis, in: Several Complex Variables I, Moscow,
VINITI, 1985, in: Encyclopaedia Math. Sci., vol. 7, Springer, 1990, pp. 23–124.
[13] G.M. Henkin, J. Leiterer, Theory of Functions on Complex Manifolds, Birkhäuser Verlag, Berlin, 1984.
[14] D. Heunemann, Uniform estimates for the ∂¯-equation on pseudoconvex polyhedra on Stein manifolds, Math.
Nachr. 114 (1983) 191–196.
[15] F. Hirzebruch, Topological Methods in Algebraic Geometry, Springer, New York, 1966.
[16] S.-T. Hu, Homotopy Theory, Academic Press, New York, 1959.
[17] L. Lempert, Analytic sheaves in Banach spaces, Preprint, arXiv:math/0507549, 2005.
[18] J. Lindenstrauss, Some open problems in Banach space theory, Séminaire Choquet 18 (1975) 1–9.
[19] J. Mujica, Linearization of bounded holomorphic mappings on Banach spaces, Trans. Amer. Math. Soc. 324 (1991)
867–887.
[20] R. Narasimhan, Compact analytic varieties, Enseign. Math. 14 (1968) 75–98.
[21] I. Patyi, Plurisubharmonic domination in Banach spaces, Adv. Math. 227 (1) (2011) 245–252.
[22] A. Pełczyn´ski, Any separable Banach space with the bounded approximation property is a complemented subspace
of a Banach space with a basis, Studia Math. 40 (1971) 239–243.
[23] W. Rudin, Functional Analysis, McGraw–Hill, 1973.
[24] M. Zaidenberg, S.G. Krein, P. Kuchment, A. Pankov, Banach bundles and linear operators, Russian Math. Sur-
veys 30 (1975) 115–175.
